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Abstract 

In recent work of Monthoux and Pines |J and also in Rice et al.'s work 0, quasi- 
averages like (c^C-ki) were considered even in the case of a dimension less or equal two. 
But it is well known from the old work of Hohenberg || that these quasi-averages are 
zero at T ^ in case of 1 and 2 dimensions. In this communication we apply the result 
of Hohenberg to the Hubbard model and prove that in the case of quasi-two-dimension, 
the inequality of Bogoliubov is not in contradiction with having (c^C-ki) ^ (at T ^ 0) 
even for a system of three layers. 
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The models which are generaly used to describe the electronic and magnetic properties of 
oxides HT C superconductors are based on the Hubbard model. The HT C oxides present 
a layered structure and copper-oxide planes are the main structural elements of these 
materials. Therefore the relevant properties of these oxides refer to a two dimensional 
systems. 

We know form the work of Hohenberg || that a two dimensional Fermi (or Bose) 
system can not exhibit a Long-Range Order (LRO) for T ^ 0. Nevertheless recently many 
authors [|1], |2], f|] considered a LRO for models derived from the Hubbard model even in 
two-dimensions. 

In BCS theory superconductivity is associated with anomalous averages (ck-\C-ki) 
which are non zero by vertue of a broken symmetry (the conservation of particle number). 
Indeed, the key feature of BCS theory is Cooper-pair condensation. The pair of states 
{k |, —k I) is occupied coherently. The Cooper-pair amplitude, (c^c^), which is zero 
in the normal state, becomes finite below T c . 

In what follows, we repeat the proof of Hohenberg || for the case of Hubbard model and 
show that in quasi-two-dimensional LRO may exist. 



1 LRO in Hubbard model 
1.1 Hubbard model of fermions 

In this section we will examine the ordering for fermions in the frame work of a quasi-two- 
dimensional Hubbard model. Let us consider the following Hamiltonian H = H t + Hjj, 
with 

H t = Y,Ujctc ja (1) 

ij 

and 

Hu = Ui3 n i<T n 3<r> ( 2 ) 

i.j ; <t,<t' 

where Cj CT , cf a are the destruction and creation operators, respectively, and n ia = cf a Ci a 
with a is the spin index. The hopping amplitude ty is nonzero only for (i, j) nearest- 
neighbors, and we have 

-t for i — j = ±e x or ± e y 

Uj = { -t' for i- j = ±e z (3) 
otherwise 

with (e x , e y , e z ) the unit vectors for the three directions of the lattice. The amplitude of 
the interaction JJ^ is effective only in directions (e x , e y ). 
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Let us define the charge density operator 



Its q^ Fourier component is given by 

Pq = C k,<j C k+q,a 



(4) 



(5) 



Since we will examine the existence or not of the quasi-averages (c^C-ki) i n one or more 
regions of k, we introduce the following order parameter 



A = JjY, S ( k )( c kT c -H) 

k 



(6) 



where the "smearing function" S(k) is arbitrary (a Gaussian, for instance) but has the 
properties 

S(0) = h ^J2S(k) <oc (7) 

k 

where N is the volume. 

Now we will use the Bogoliubov inequality || which is 



A, A* 



[C, H], C + )>2k B T\{[C, A])\' 



where {., .} is an anti-commutator, [., .] is a commutator, H is any Hamilonian, C, A are 
operators and finally (...) indicates a statistical average on a grand canonical ensemble 



(X) = Tr (Xe~ pH ) /Tre- pH 
straightforward algebraic calculation leads to 

[p q , H t ], p+] = -2 - cos <?(* - j)]4aCi, 



(9) 



(10) 



In Fourier transform we obtain 



[p q , H t ], p\ = {(1 - cosq x ) cosk x + 



+ (1 — cos q y ) cos k y + ?](! — cos q z ) cos k z } n ka 



(11) 



with i] = t'/t. Since Hu commute with p g , it is easy to get the following inequalities 

0<([[p q , H], <4t{(l- cos &) + (!- cos q y ) + tj(1 -cos q z )}J2( n k) i 12 ) 
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and we have 

J2(n k )=nN 

k 

where n is the density of particles. 

If in Bogoliubov inequality (Eq. (§)), we set 



1 

k 

we get 

A A + \) > 



C = p q and A = —= ^ S(k)c k1 c_ k+ql 

2k B T |A+^(g)l 2 



4 i n {(1 — cosg^) + (1 — cosq y ) + 77(1 — cosg 2 )} 

with fl(q) = J2k S(k + q)(ck-\C-ki) /N . We notice that fl(q) — > A when q — > 0. 
In the other hand, we have 

({A A + }) = F(g) + J R(g) 

with 

F (<?) = 4E^)^(^)(c fc TC- fe+? |cW4 T ) 
JV fc.fc' 

and 

m = ~ E + ?)i 2 (Kt) + + ^ e i^)i 2 

R(q) is a regular function of q. 
It is easy to see that 

(Ckl c -k+ql c -k'+qlCk'l) ^ 1 

and we deduce that 

where we have use Eq. (^). The inequality (|l^) becomes 

^ ^0 " 2nt N {(! " cos <?*) + (! " cos ^) + >7(! - cosg,)} iV ^ 
Since and -R(g) are regular in g, at small q Eq. ( p0|) becomes 



# 2. F W) > nt ^ 2. 2 7 Q 2 7 „ 2 - 



If now, we take the infinite volume limit for a layered system (with 2L + 1 planes and 
with periodic boundary conditions), we will have 



^i^- L wy^ dqxdqyF{q) - nt 



x 



1 l 1 r 1 

sin 7 k J dq ' dq '^^4M ~ (22) 

SETT.t.p^/'Wfa) (23) 



It is clear that in strictly two dimensional Hubbard model (L = and 77 = 0) the 
righthandsome of Eq. (|23"D diverges and this in contradiction with Eq. unless A = 
(of course for the case T ^ 0). Since S(k) is arbitrary this means that we cannot have 
(c fcT c_ fci ) ^ for any k. 

In the other hand, for quasi-two dimensional case (even for 3 layers : L = 1), the 
Hohenberg proof (Eq. ( p3f) ) cannot exclude to have (cfcfC_fcj) 7^ 0. 

Then if someone believes that high T c superconductivity is related to average like 
(cfcfC_ki), he should keep in mind that he is dealing with a quasi-two-dimensional system 
and not a strictly two-dimensional one. 

In the case of the reduced BCS Hamiltonian quasi-averages (c^c^ki) exist even in 
1 and 2 dimensions, because the interaction in this Hamiltonian is non local (it depends 
on quasi-particles velocity) and then violates the /-sum rule (which expresses the particle 
number conservation) ||. In practice an other term coming from the interaction is 
added to the Eq. QT3). 



1.2 Hubbard model of bosons 

The analogous situation holds also for the case of bosonic systems. The extention of our 
investigation of LRO to Hubbard model for bosons is also motivated by HT C supercon- 
ductivity . Especially the question of the existence or not of a bose condensation for HT C 
oxides 0. 

Let us consider the following Hamiltonian 

// X I, ,!>;!> j + E UijNiNj (24) 

ij ij 

where bf J is a boson field, = bfbi and tij is given by Eq. (|3]). 
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We define the charge density as 

Pi = b+bi (25) 

calculation leads to 

[p q , H], p q = 4t^2{(l - cosq x ) cosk x + 

k 

(1 — cosq y ) cos k y + 77(1 — cosq z ) cosk z } N k (26) 

and the following inequality holds 

0([[p q , H], pf\) <4tiV{(l-cos^) + (l-cosg,) + 

+ 77(1 - cos q z )} 

If one uses the Bogoliubov inequality Eq. (§) for 

C = p q and A = b+ (28) 

he gets the following result 

i EW >-i + *« r i<tf>ri E . . . 1 . . . ( 29 ) 

Clearly we obtain the same result as for the Fermi systems. In strictly two-dimensio- 
nal case J2 q ^o < N q > /N will be not bounded unless < bf >= 0, which implies that 
there is no LRO at T / 0. In quasi- two-dimensional case the inequality (|29|) is not in 
contradiction with having < bf >^ even at T ^ 0. 

Finally we have proved that for the Hubbard model (of fermions or bosons), the 
inequality of Bogoliubov which excludes to have LRO in the two-dimensional case at T ^ 
0, does not exclude to have LRO for quasi-two-dimensional case even for a finite number of 
layers. We believe that writing Eliashberg equations for models devoted to describe HT C 
superconductivity will be meaningful only if we consider quasi-two-dimensional systems. 
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